1.8 Weak containment

Definition 1.8.1. Let I' be a group, and # : I' = U(H), p: I' — U(K) two
unitary representations. The representation 7 is weakly contained in the
representation p (written © < p) if for each £ € H, F C T finite, and ¢ > 0,
there exists 71, ...,n, € K such that

(m ()€, &) — Zi_ (p(Vns,m)| < e,

for all v € F. The representations 7 and p are weakly equivalent (written 7 ~ p)
ifmr<pandp=<m.

It follows easily from the definition that m ~ 7®° for any representation =.
Also, it is easy to see that containment implies weak containment, and weak
containment is a partial order. We also have that if 7;, and p;, ¢ € I are families
of representations such that m; < p; for each i € I, then ®;c;m; < Bicrp;-

Exercise 1.8.2. Show that if 71,79, p1, and ps are unitary representations of
a group I' such that m; < p;, for ¢ € {1,2}, then m @ m2 < p1 @ pa.

Example 1.8.3. If a representation 7 : I' — U(H) weakly contains the trivial
representation then for any finite symmetric set S C I' and € > 0 there exists
Ns---,Mn € H such that

11 =551 (m()mss m5)| <&,

for all v € SU{e}. Hence, if we denote by n = @}_,n; € H®" C H®>, then we
have |1 — ||n||?| < &, and hence for each v € S we have

I =7 (nml* = 2(nll* = R ()m,m)) < de.

It follows that 7 contains almost invariant vectors by Lemma 1.5.4.
Conversely, if m contains almost invariant vectors, then it is easy to see that
7w weakly contains the trivial representation.

The following lemma from [Fel63] is a useful tool for checking if one repre-
sentation is weakly contained in another.

Lemma 1.8.4. Letm: T = U(H) and p : T — U(K) be two unitary representa-
tions of a group T'. Let L C H be a set such that spm(T)L =H. Then 7 < p if
and only if for each £ € L, FF C T finite, and € > 0, there exists n1,...,nm € K
such that

[(m(1)E,€) — Zi_y{p()nj, m;)| <,

forally e F.

Proof. Suppose L C 'H is as above, and consider X C H the set of vectors £ € H
such that the positive definite function v +— (m(y)£,£) can be approximated
arbitrarily well on finite sets by sums of positive definite functions associated to
p. By hypothesis £ C X, and we need to show that X = H.



If e X, neK®®, and ¥ crasu, € CI, then from the formula
‘<7T(7)(Zwepa$7r($)f), ZwEFa'Iﬂ(m)@ - <p(7)(EIEFaz7T($)77)7 ZmEFawﬂ—(x)nH

< o yer|oyag|[(m(y ™ ya)E, &) — (p(y~ va)n, m),

we see that Yyera,m(2)€ € X. In particular, X is T-invariant.

It is also easy to see that X is a closed set. Moreover, if £,£ € X are such
that sp(7(T)¢) L sp(mw(T)¢’), then it is easy to see that £ + & € X.

In general, we then have that if £,£ € X then

§+& = (& + Projgsr(rye) (§) + (6 = Projgsr(rye) (§1) € X

We therefore have shown that X is a closed I'-invariant subspace which contains
L and hence X = H. O

If o : ' — C is a function of positive type and m, : I' — U(H,,) is the
corresponding representation described in Section 1.2, then 7, is generated by
a single vector. We therefore obtain the following corollary.

Corollary 1.8.5. If p: ' — U(K) is a representation of a group T, ¢ : T —
C is a function of positive type, and m, : I' — U(H,) is the corresponding
representation. Then m, < p if and only if F' C I finite, and € > 0, there exists
My .-y Mn € K such that

6(7) = 5=y {p(y)nj. mi)| <e,
forally € F.

Exercise 1.8.6. Suppose ' X is an action of a group I' on a set X, and
a:T'x X — Alis acocycle into a group A. If 7: A - U(H), and p: A — U(K)
are two representations such that © < p, then show that Indj = < Ind} p.

Conclude that if ¥ < T'is an amenable subgroup of a group I' then Ap/s <
Ar.

For further properties of weak containment a good place to look is Appendix
F in [BAIHVOS].

Definition 1.8.7. [Bek90] Let 7 : I' — U(H) be a unitary representation of
a group I', then 7 is amenable if there exists a tate ® € (B(H))* such that
O(w(y)T) = ®(Tw(y)) forall y € T, T € B(H).

Note that I' is amenable if and only if the left-regular representation is
amenable. We also have an analogue of Theorem 1.6.5 for amenable represen-
tations. The proof is similar, however we will not present it here.

Theorem 1.8.8. [Bek9(] Let m : I' — U(H) be a unitary representation of a
group T, then the following conditions are equivalent.

(1). 7 is amenable.



(2). There exists a net of trace class operators T; € B(H) such that ||T; || =
1, and | Tim(y) — 7(v)Ti]lme — 0, for all v € T.

(3). There exists a net of finite rank projections P; € B(H) such that
mHPﬂT(’Y) —7(y)Pi|lus — 0, for ally € T.

(4). # ® T contains almost invariant vectors.

(5). For any finite symmetric set S C T' the operator Tg = ﬁEvesw@)ﬁ(v)

satisfies ||Ts|| = 1.
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